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Abstract. Let n ^ 4. In this article, we will determine the asymptotic behaviour of the 
size of the set of integral points (ao : . . . : ffln) on the hyperplane ^^"=0 Xi = in P" such 
that Oi is squareful (an integer a is called squareful if the exponent of each prime divisor of 
a is at least two) and |ai| ^ B for each i £ {0, . . . ,n}, when B goes to infinity. For this, 
we will use the classical Hardy-Littlewood method. The result obtained supports a possible 
generalization of the Batyrev-Manin program to Fano orbifolds. 



1. Introduction 

The problem we consider can be related to a question Campana posed concerning rational 
points on orbifolds. A good overview is given for example in jAbr09| . [Poo06] or [Cam05] . 
Examining the orbifold (P\ A) with Q-divisor A = 1/2 • [0] + 1/2 • [1] + 1/2 • [oo], it is 
explained for example in [ Poo06j why it is reasonable to expect that the set {{ai,a2,a3) G 
Z^|ai + a2 = a3, 01,02,03 are squareful, max{|oi|, I02I, losl} ^ i?, gcd(ai, 02, 03) = 1} will 
asymptotically behave as C ■ B^/^ as B tends to infinity. 

Since this question turns out to be too difficult at the moment, we generalize to a higher- 
dimensional analogue (P"~^, A), where now A is the Q-divisor A = 1/2 • [Hq\ + • • • + 1/2 • 
[-ffri] with Hi the hyperplane defined by = for i G {0, . . . , n — 1} and Hn defined by 
Xq + • • • + Xn-i = 0. Analogously as in the one-dimensional case, a point P = (oq : . . . : 
On-i) G P"'^"'^(Q) (we assume oQ) • • • ^On-i G Z and gcd(oo, • • • ,o„_i) = 1) will be called a 
rational point in Campana's sense on (P"~^, A) if for every i G {0, . . . ,n} and every prime 
p for which the reduction of P is contained in the reduction of Hi modulo p, we have that 
ip{P,Hi) ^ 2, where ip{P,Hi) denotes the intersection number of P and Hi above the prime 
p. These conditions will be satisfied if Oj is squareful for every i G {0, . . . , n — 1} and if 
Yli=o is ^^^^ squareful. We denote the set of all such rational points by (P"^^, A)(Q); the 
set of the points P G (P"~^, A)(Q) of bounded height (using the height function H(xq : . . . : 
Xn~i) = max{|xo|, . • • , | YJIIq Xi\}) is denoted by (P""\ A)(Q)^b. 

Defining the canonical divisor of the orbifold (P"~"^, A) as i^(pn-i^/^) = K-pn-i + A, we 
have that i^(pn-i^A) ~ ("('^ ~ ■ H in Pic(P"'^"'^)Q, where H is the hyperplane class of 

P""^. Since the height function we use is associated to H, a very naive generalization of 
Manin's conjecture would predict that #(P"~-^, A)(Q)<gB ~ C ■ for some constant 

C > 0, as tends to infinity. Our main goal is to prove the following theorem. 

Theorem 1.1. For n ^ 4, ther exists a 5 > ^ so that 

#(P""S A)(Q)^B = C ■ + o (^B^-^-i)/2-s-\^ 

for some constant C > 0. 
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Moreover, in Section [5] we will give an explicit description of the constant C and examine 
the distribution of rational points on the orbifold (P"~^, A). 

I would like to express my gratitude to my advisor professor Emmanuel Peyre for the 
many helpful conversations concerning these subjects, and to the section of Number Theory 
of the department of Mathematics of the University of Bristol (in particular professor Tim 
Browning and professor Trevor Wooley) for the useful tips concerning the circle method. Also, 
I would like to thank the reviewers for some interesting comments which led to substantial 
improvements of the result and the presentation. 



2. Description of the proof 
Throughout the article, we will use the following notations. 

We will denote the (n + l)-tuple (xq, • • • , x„) G jd""*""*^ for any ring A by x. For the nonzero 
integers we use the notation Zq, i.e. Zq = Z \ {0}. If there exists a constant C > such 
that |/(x)| ^ Cg{x) for real- valued functions / and g with g only taking positive values, we 
write /(x) <C g{x) or f{x) = 0{g{x)). If C depends on other parameters, this will be denoted 
explicitly when this dependence is important for the computations. We will write f{x) ~ g{x) 
if f{x)/g{x) tends to one if x goes to infinity. Also, we allow the small positive constant e 
to take different values at different points of the arguments. Finally, for any a G R we will 
write e{a) = exp(27ria). 

To prove Theorem II. H we first restrict ourselves to the set of points {qq : ... : a„_i) G 
(P'^-i,A)(Q) for which / for each i G {0, - 1} and ^^=0^ «i / 0- We denote 

this subset by (P""\A)(Q)+. Also, by (P""-*^, A)(Q)<^ we indicate the intersection of 
(P"-i, A)(Q)+ with (P"-i, A)(Q)^B. 

From the definition of (P"-\ A)(Q), it follows that we can identify (P""\ A)(Q)+^ with 
the set 

(ao : . . . : a„) G H{Q) : G Zq and is squareful, gcd(ao, . . . , a„) = 1, max |aj| ^ -B ^, 

where H C P"' is the hyperplane defined by Xq + • • • + Xn = 0. 

Since a squareful integer can be written 'uniquely' as x^y^ where y is squarefree (this 
representation is unique up to the sign of x), the latter set in turn corresponds to 

(1) |(xoyo : • • • : ^Ivl) ^ H{Q) : Xi,yi G Zq and yi is squarefree, 



ycd{xoyo, Xnyn) = 1, max \x1yf \ ^ B 



We also introduce the following definition. 
Definition 1. We define M{B) as the set 



< {x,y) G z2"+2 -.y^xfyf = 0, gcd(xoyo, • • • = 1, max ^ B, T\^l\\y^\) ^o\. 

[. i=0 1=0 J 

Also, by Ma^t{B) we denote the set 

<^ {2L,y) G -.^aix^yf = t, max \aixjyf\ ^ B, l[fi\\yi\) / I, 



i=0 i=0 
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where oq, . . . , a„, t G Z are fixed, gcd(ao, . . . , a„) = 1 and HILo (Note that for any 

integer y G Z, the condition 7^ means that is squarefree.) 

As a first step in the proof, we will use the classical Hardy-Littlewood circle method to 
determine an expression for the cardinality of the set Ma^t{B). From this result, we will derive 
an asymptotic formula for ^M{B): indeed, we see that M{B) is a subset of M(i i-^ q{B)^ 
with the additional gcd condition gcd(a;oyo! • • • > XnDn) = 1 on the solutions. We will take this 
gcd condition into account using an adapted version of the Mobius inversion. 

Identifying (P""\ A)(Q)+^ with ([I]), it readily follows that 

#(P"-i,A)(Q)+^ = ^#M(S), 

which implies that an asymptotic formula for #M(i?) induces an asymptotic formula for 
#(P"-i,A)(Q)+^. 

Finally, we will explain why this result suffices to prove Theorem ll.il 



3. Calculating #Ma,t{B) 
Let us first fix the framework of the circle method. 

Let T be R/Z. For < A ^ 1 and P ^ I (we always suppose i? ^ 1), we define 9JT(A, q, a) 
as the image in T of {a G R | \a — a/q\ < with a, (7 G Z and 

m{A)= (J m{A,q,a). 

gcd(a,g)=l 

We call 9Jt(A) the union of the major arcs and T \ 5Jt(A) = m(A) the union of the minor 
arcs. We shall clarify the constraint on the constant A and the dependence of P on i? in 
Proposition 13.71 and Theorem 13.81 

The circle method calculates ^Ma^t{B) by integrating an exponential sum over T, namely 

(2) #Ma,tiB)= [ Yl {flf^H\yi\)]eiaf{x,y))da, 

i=0,...,n 

where f{x, y) = J2i=o '^i^iUf ~ We will denote the integrand of this integral with E{a) and 
also 

Si{a) = ^ fJ-'^{\y\)e{aaiX^y^). 

l^|aia;2j/3|^B 

Therefore, 

n 

E{a) = e{—at) JJ Si{a). 

i=0 

As usual, the integral over 9H(A) will provide the main term while the integral over tn(A) 
will only contribute to the error term. 
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3.1. Major arcs. We refer to |Sch841 §5] or [Dav051 Chapter 4] for a detailed description of 
the circle method over the major arcs for the classical case of diagonal equations. In order 
to apply this to /gijj(^) E{a)da, we will first fix y and thus consider the diagonal equation 
f{x,y) = fy{x) = 0; afterwards we will take the sum of the obtained expression over all 
admitted y. 

Since we fix y, we only look at Xi satisfying l/laiyfl^^"^ ^ \xi\ ^ (i?/|aj?/?|)^/^. Most of 
the time, it suffices to consider only positive xf. we will denote the corresponding interval for 
positive Xi with Di, i.e., 

(3) D, = [l/\a,yf\'/',By'/\a.yfn- 
We will also use the notation 

(4) 5,.,,.=i?V2/|„^y3|l/2, 

Note that, since we consider only y with 1 ^ | ^ B, it holds that 1 ^ Ba^^y^ ^ B^^'^ for 
each f G {0, . . . , n}. 

Because we first wish to examine the exponential sum E{a) (for a G 9}t(A)) for some y 
fixed, we denote this part of -E'(a) by 

^|/(«) = X] e(a/y(x)). 

i=0,...,n 

Furthermore, for every positive integer q and every integer a relatively prime to q, we define 

(5) a, (^) = Yl <{afy_{z))/q). 

and for every /3 G R, 

(6) Ty^BW) = [ ■■■ ! e{^fy{x))dx. 

JDo JDn 

Proposition 3.1. For a = a/ q + {3 ^ 5Jt(A; q, a), we have 

under the condition BP^~^ ^ 1 on P and A. 

Proof. Combining positive and negative signs of Xi, we have 

n 

(7) Ey_{a) = 2"+ie(-at) [] ^ e{aaixjyf). 

i=0 Xi£Di 

For a = a/q + 13, the inner sum over Xi equals 

(8) V ef^^lM] y e{(3a,{qv, + z,fyf). 



qVi+ZiGDi 
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Euler's summation formula (in its simplest version) implies 

V e{aqv + zf) = - r eiCr^^)drj + o(l + -\C\qY) 

for any real numbers ^ X < y, ^ G R, q,z £JSS. Taking Y = Ba^^y^ and C, = I3aiyf and 
recalling the definition of Di in we can rewrite ([5D as 

1 



e{f5aiX^yf)dxi + 0{l + \l3\B) ] . 



We substitute these expressions successively back into ([7]), and obtain the desired main term. 
Using the trivial upper bounds 



^ e{aaixfyf, 



Xi€Di 



+ 



q ^ 



aaiz^yl 



we get the total error term O \^q{l + \/3\B) maxo^j^„ Hj^i ^^.j^yj) ■ Using (jH) and 1 + \f3\B < 
we complete the proof. □ 

From this result, we can now derive an expression for the integral of Ey(a) over 5Jt(A) by 
first integrating the obtained expression of Ey{a) in Proposition 13. II over 9n(A; q, a) and then 
summing over all admitted a and q. 

We first define 

^e,t,B{L)= [ e{-^t/B)d^ [ e(7Veixf)dx', 



(where Si = sgn(ajyj)) and 



We have 



and therefore 



/ 



<pA-2 



ry,BW)dl3 



gcd(a,g)=l 
^(n-l)/2 



Yj^3e,t,B{BP 



A~2\ 



(9) 



an(A) 



Ey{a)da 



2^+^&y,aAP^Pe,t,B{BP^- 



nn I 



.•7y3|i/2 



.^(n-l)/2 



'v^n I 3|l/2 ^ 
Z^^=0 I D(n+2)/2 p5A-4 



Note that the integral 3s,t,B{L) only depends on the sign of y and a and no longer on its 
actual values. 

Next, we make the coefficient of in this expression independent of B. We first 

focus on the factor (5y^a,t{P^)- 
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3.1.1. The singular series. 
Lemma 3.2. We have 



(7n 



«,-(n+l)/2.-Qg,d(a,y3^^^1/2_ 



i=0 



Proof. Using elementary properties of generalized Gauss sums (see for example |BEW98| 
Chapter 1]), we obtain for positive integers a and c that 



an 



c-l 
n=0 

Applying this to ([5]) implies the statement. 
Corollary 3.3. For n ^ A, it holds that 



<C gcd(a,c)^/^\/c. 



(10) 



a,. 



q=l 0<|<1 



gcd{a,g)=l 

called the singular series, converges absolutely, and 



(11) 



ey,aAP^) = ey,a,t + o 



( nr=o 



.,,3|l/2+£ 



. pA(-n+3)/2 



I lcm(aoyo,... 
Proof. From the previous lemma, we deduce that 

oo n 

q=l i=0 
■sp (tip • • • dn)^/^ ^ 

lcm(do,...,d„)(«-i)/2^'' 

4=0, .-•i'^ 

Since n ^ 4, the latter expression converges and we get 

(do---dn)^/2 



)/2 



i=0,...,n 



lcm(aoyo> • • • ,aoyi])3/2 



lcm(aoyo, . . . ,aoyo)^/^ 
for any e > 0. Moreover, we obtain in the same way that 

n 

e,,a,t-e,,,,t(P^)| ^ g-("-i)/2ngcd(a,yf,g)V2 

(do---dn)^/' 



□ 



« E 



E 



-(n-l)/2 
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nr=o \(^iy\ 



3|l/2+e 



lcm(aoyg,... 



3\2 



. pA(-n+3)/2 



□ 



Remark 3.4. One can prove (see e.g. |Dav051 Lemma 5.2 - 5.3]) for n ^ 4 that &y,a,t can be 
written as an Euler product of p-adic densities 



lim 

l—^oo 



#{(xo, ...,x^)e (Z/p'Z)"+i : E "=0 ^iVf^l ^ t mod p'} 



p 



In 



3.1.2. The singular integral. Examining 3e^t,B{BP^ ^) in Q, we have the following propo- 
sition. 



Proposition 3.5. For n ^ 3, we have 
(12) 
with 



J,,MBP'''') = \,t,B + O (s(l-)/2p(A-2)(l-n)/2 



B-l/2 Iln + 1 



i=0 



'Je,t,B = I e{--ft/B)dj 
J — oo 

under the condition BP^^^ ^ 1. 

Proof. As proved in |Dav051 Proof of Theorem 4.1], it holds that 



e(7 X] eixf)da 



/ e{'-f£ixf)d2 



< min{l,|7|-^/2}, 



and thus 
(13) 



e(7 eixf)dx 



This implies that the integral '3s^t,B converges, since 



<min{l,|7|-^/^} 



l/2in+l 



/ + 00 
min{l,|7|-^/2}"+id7<+oo. 
-oo 



Also, 



\^s,t,B{BP 



A-2\ 



f |^|_(„+i)/2^^ ^ _g(l-n)/2p(A-2)(l-n)/2_ 

J|'vl>BP^-2 



□ 



Defining the singular integral as 



(14) 



^7 



e{l^eixf)dx, 



it follows from the last proof that this integral is also convergent. 
Lemma 3.6. It holds that '3e,t,B — ^ as B goes to infinity. 
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Proof. We have 



|(e(-7t/i?)-l)|d7 



e(7 \^ £ix1)dx 

I 1 ' ^ 



+ 



+00 
-00 



e(7 \^ eixf)dx 



= /l(i?,i)+/2(i?), 

where 1]"+^)^ denotes the complement of [B^^^'^, 1]"+-*^ in the hypercube [0, 1]"+^. 

For Ii{B,t), we obtain, since \{e{--ft/B) - 1)| = 2\sm{TT-ftB-'^)\ ^ mm{2,2TT\-f\\t\B-^} 
and recahing (fTHj) . 

/+00 
min{l, TT\j\\t\B-^} ■ min{l, br'/T+'^T- 
-00 

Sphtting up the latter integral into three parts according to the appropriate range of 7, we 
get h{B,t) < \t\B-^ for B big enough. 
For 12(B), one has that 



e{jeixf)dxi 



<min{l,|7| ^/^} and 



B-1/2 



e{jeixf)dxi 



< min{5-i/M7|-i/2}. 



Applying the exclusion-inclusion principle to I2{B) and observing the symmetric form of the 
integrand, we get 

hiB) < / min{B-i/^ hl^^/y ■ min{l, |7|-i/2}n+i-i^^_ 
It follows that hiB) < Hence, 

(15) \3s,t,B - :^e\ <.t B-^/^ 

for B big enough, completing the proof. 

□ 

Note that from Proposition 13.51 and ()15p . one has 

(16) 3e,tMBP^-^) =\ + [b-^'^ + i5{l-n)/2p(A-2){l-n)/2^ 

We now return to the integral of Ey{a) over the major arcs. 

Proposition 3.7. For n ^ 4 and for any A with < A < 1/5, there exists a 6 > so that 

2 ~'~ ^y,a,t^s_ 



(17) 



Ey{a)da 



Proof. Substituting ([TT]) and (fTBj) into formula ([9]) we obtained for /g^^^^ Ey{a)da, we get 
(18) 



an(A) 



Ey{a)da 



971+1(2: .qf / T-rn I 3|£ 

___l!£_L.5("-l)/2_^(9 I lii=0 I ^(n-l)/2pA(-n+3)/2 ^ 



I lcm(aoy|],... 



^(n-2)/2^p(A-2)(l-n)/2 | ^,^3 1 1/2 \ 
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For this expression to be nontrivial, we have to determine P = P{B) and A properly (under 
the condition BP^^^ ^ 1) that the error term is Oy,a(-B^"^^^/^^^) for some (5 > 0. Taking 
P = and 0<A<l/5is satisfactory. □ 

We can now prove our estimate for the major arcs. 
Theorem 3.8. For n ^ 4 and for any A with < A < 1/15, there exists a 5 > so that 



[ E{a)da = Caf + o f B^^-^) 



^-l)/2-(5 

/9K(A) 

with 



with &y.a,t o.nd 3^ as defined above. 

Proof. We sum ([18]) over ah squarefree yi such that 1 ^ \o-iyf\ ^ B , i £ {0, . . . ,n} and denote 
the sum of the coefficient of the main term by Ca,t{B). 
We obtain, using lemma 13.21 



nr=o \0'iy'iV^'^ lcm(aoyg, . . . , a„y3)2 ■ 



for any e > 0. 
We have 



nr=o WiVlY < V ^•^^^"'•••'^"^ : lcm(aoj/|],...,aoj/j^) = n} 

mm |aiS/,^|S!B " 

(20) « B^ « B-'^'^ 

for any e > 0. This allows us to replace Ca,t{B) by Ca,t- 

We now turn to the error term in (|18|) summing over all admitted values of y and putting 

P = as before. 

The first error term can be treated as the main term. The coefficient of the third and 
fourth error term will also converge without any extra condition. Moreover, the upper bound 
can be made independent of the a,. For the last error term however, the coefficient will 
asymptotically contribute 0{B^/^). 

This means the extra condition 

1 n + 2 5A-4 n-1 , 1 

has to be satisfied for the error term to behave properly. This proves the statement. □ 

Note that (fT9]l and ([20]) also provides a uniform upper bound of Ca^ti i-e., Ca^t ^ C, 
independently of a and t. 
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3.2. Minor arcs. The goal of this section is to prove the following theorem. 
Theorem 3.9. For 4, there exists a 6 > so that 

[ Eia)da = 0(B(--'y^-'). 
7m(A) ^ ^ 

To treat the integral over the minor arcs, we will not fix y but examine the whole equation 
at once. Recall that 

n n 

E{a) = e{-at)Y\_Si{a) = e{-at)Y\_ ^ /^^(|y|)e(aajX^y^). 
Using Holder's inequality repeatedly, we get for n ^ 4, 



(21) 



m(A) 



E{a)da 



^ sup {\Sq{q.)\- ■ ■\Sn-i{oi)\) max / \Sj{a)\^da. 

aGm(A) J=n-3,...,n7o 



To obtain a good upper bound of this expression, we first examine \Sj(pi)\'^da. 
Lemma 3.10. For any e > 0, we have 

[ \Sj{a)\'^da^e B^+^. 
Jo 

Proof. From now on, we will concentrate on the part of the sum where the variables are 
positive. This will suffice to prove the theorem because of the symmetry. 
Let 

Svia) = ix^{y) Y e{aajX^y^) 

be the contribution to Sj{oi) for y < y ^ 2Y and squarefree. Using Cauchy inequality, it 
follows that 

2 



Jo Jo v^. ^ov 



Y<y^2Y 



Y e{aajX^y^) 



da 



<y ^ J2 f e{aajG{x,y))da 



o.j,yi 
l<,X3,X4<iBaj,y3 



^Y-#Z{Y,B), 



with G{x,y) = y^{xl - x^) + xfyf - and Z(Y,B) = {{x,y) G : yf(x§ - x|) = 
xlVi - 4yl l^Xi<BY, Y < yj ^ 2Y}, where By = (S/y3)i/2. 

If we make a distinction between solutions (x, y) G Zg of G{x, y) = for which x\y\—x\y2 = 
or not, it follows that both sets contain 0{Y~^ ■ B^^^) solutions. Hence, we conclude that 
#Z(y, B) y-i • B^+^ and thus, 



[\sy{a)\ 
Jo 
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>l+£" 



Summing over all intervals (Y, 2Y] with Y = 2^^ <^ B^^^ and applying Cauchy's inequality 
twice on |S'j(a)|^ = | X]y=2'=<Bi/3 5'y(a)|^, we get 

l'\sj{a)\Ua ^ B^'' J2 [\sY{a)\Ua ^ B^'' ^ B^+' = B^ 

which completes the proof. □ 

Remark 3.11. Recalling the expression for ^Ma^t{B) in ([2]) and putting n = 3, a = (1, 1, 1, 1) 
and t = 0, this lemma implies that the equation ni + n2 = ?^3 + ?^4, where rij is squareful and 
1 ^ \ni\ ^ B for each i E {1,2,3,4}, has 0(5^+^) solutions. 

In order to handle the first part of ([2T]) . namely sup„gn,(^)(|5o(a)| • • • |5„_4(q)|), we will 
prove the following proposition. 

Proposition 3.12. Let a G m(A). Then there exists a 5 > such that 

\S^{a)\ < B^'^-\ 

Proof. Let ^ > 0. We may henceforth assume that \ai\ ^ S'^, since otherwise the trivial 
upper bound yields 

which is satisfactory. Similarly, we may assume that y ^ B"^ in Si{a). Thus, we have 



with, if we set X = ^/B/{\aj\y^ 



Since |aj|y^x^ ^ B, we know in particular that X ^ B^^"^ Using the usual squaring and 
differencing approach (see for example [DavOSl Chapter 3]), we obtain that 



\h\<X 



e{2aaiy^hx) 

X 

x,x+h^X 

< ^ min{X, ||2QOi2/^/i||"^} 

\h\iiX 

-^X + B^ -Y min{X, ||ay|r^}, 

where Y = 2\ai\y'^X and ||a|| = min{|/3| G R : /3 = a mod 1} for any real number a. 
In order to estimate the sum over y, we will use the following lemma. 

Lemma 3.13 (Separation lemma). Let P,Q ^ 1 be reals, a & T and a,q & Z with gcd(a, q) 
1 and such that \a — a/q\ < Then 

jPQ 



E 

xCP 



mm 



[ X 



\ax\ 



' } « PQ (q'' + Q'^ + q{PQy') log(2gP). 



12 KARL VAN VALCKENBORGH 

Proof. A full proof is given in [Vau97[ Lemma 2.2]. □ 
Choosing P = Y and Q = X, Lemma 13.131 implies 



Ty{a) 



2 /II 

< X + XYB' - + — + 



q X XY 



since X ^ y and = 2\ai\y^X^ = 2B. Hence, 

(22) \Siia)\ « i?i/2-2^ + ^1/2+.+^ J^_L ^ + ^B'+^. 

According to Dirichlet, we can find a, g G Z with gcd(a, q) = 1 and q ^ ij(2-'^)/4 g^ch that 
|ag — a| < l/i?(2-^)/4 = ^(A-2)/4^ (Note we also have \a — a/q\ < l/q^.) Furthermore, it is 
necessary that q > B^/"^: otherwise, we would have that a G 9Jl(A). With these boundaries 
for q in ()22p . a suitable small choice for in terms of A leads to the statement. □ 



We are now able to prove Theorem 13.91 
Proof of Theorem \3.9l Combining Proposition 13.121 and Lemma 13.101 in ()2ip . we obtain 



E{a)da 

m(A) 



^ ^(l/2-5)(n-3) . ^ 



1+e 



^ ^(„-l)/2-5+e ^ _g(n-l)/2 

for any < e < 6. □ 

4. Towards the main problem 
Combining the previous results, we are able to prove the following theorem. 
Theorem 4.1. For n ^ 4, there exists a 5 > so that 

#MaAB) = Ca,t • + O (^i?("-l)/2-5' 

with the constant Ca,t described in Theorem \'j.8[ 

Proof. This follows directly from Theorem 13.81 and Theorem 13.91 and □ 

Remark 4.2. Note that the error term is independent of a and t and recall we also proved Ca,t 
can be bounded uniformly independent of o and t. This implies that ^Ma^B) ^ C ■ 
for some constant C > 0. Indeed, when B < 1, Ma^B) = and for i? ^ 1, it follows 
from Theorem O that #Ma,t{B) ^ C • ^("-i)/^ + C" ■ 5("-i)/2-5 ^ c ■ 5("-i)/2, where 
C = 2max{C7',C"}. 

Going back to M{B) (see Definition [1]) , we will now prove the following theorem. 
Theorem 4.3. For n ^ 4, there exists an explicit constant D and a (5 > such that 

#M{B) = D ■ ^ Q f^^{n-l)/2-S^ 

as B goes to infinity. 
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(The definition of the constant D is given in Lemma 14.51 in the next section, we will give 
some indications about the interpretation of D.) 

The only problem still left in order to prove Theorem 14.31 is to understand how we can 
tackle the additional gcd condition gcd(xo?/0) • • • yXnVn) = 1 on the solutions. Note that the 
Mobius inversion at hand leads to divisibility conditions on both Xi and yi which have to be 
handled with care. 

Let e = (eo, • • • , e„) G Nq"*""*^ and / = (/o, . . . , fn) G Nq"*"^ where fi is squarefree for each 
i £ {0,. . . ,n}. 

Definition 2. We denote the set 

{ (^)y) £ Zq"""*"^ : xfyf = 0, max \xfyf \ ^ B, ei\xi, fi\yi and yi squarefree for all i > 
I j=0 ) 

by iV(e,/)(i?). 

Demanding that solutions in A''(i i)(i?)(= i) o(-S)) satisfy gcd(a;oyO) • • • > = 1 

means we wish to leave out those solutions of N{y;\)[B) for which there exists a prime "p and 
a subset / C {0, . . . , n} such that ■p\xi ii i G I and p\yi if i ^ / (or z E P, where I*^ denotes 
the complement of / in {0, . . . ,n}) in order to get to M{B). Defining, for a prime p and 
subsets /, J C {0, . . . , n}, the couple {^'^ ■, f^'^) by e^' = p for i G I and e^' = 1 otherwise 
and analogously for f^'"^ , it hence follows that 

(23) M{B) = iV(i,i)(i?) \ U iV(eP,^/p.^=)(5)- 

Notice that in this last union only a finite number of sets are nonempty since for a prime 

p-^^fB,we get N^^^^ij^jc^{B) = 0. 

Definition 3. Let be a finite set of couples {p,I)- To S, we can associate a couple (e, /) 
as follows: defining for each prime p the index sets Ip = U(p 7)^5/ and Jp = U(p /^g^/'^, the 
associated couple is given by = U{p\ieip}P ^^'^ fi = U{p\ieJp}P- 
We then define 

/^(£, /) = ^^(— l)"#{sets S with cardinality n such that the associated couple is (e, /)}. 

Observing ([23]) together with this definition, we have 

00 

(24) #M{B) = Y, E Me,/)-#A^(e,/)(i?). 

e=l (e,/)GN2"+2 

e=gcd(ei/i, i=0,...,n) 

The following lemma collects some properties of /i. 

Lemma 4.4. There exists a function Jl : Z^""*"^ — t- Z such that 

(i) /^(e,/) = I\pJj'{vp{e),Vp{f)), where Vp{e) = (fp(eo), • • • , Up(e„)) (and analogously for 
VpiD), 

(ii) iJ.{rn,n) = if rrii = Ui = and {rn,n) / (0,0) or if rrii > 1 for some i, 
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(iii) S/uJ={o n}lM(-^''^)l ^ 2^"^\ where, for subsets I,J C {0, ...,n}, J1{I,J) denotes 
/I(mg, . . . , m^, mo"', . . . , m^"^) wi/i m[ = lifi^I and ml = otherwise and = 1 
if i ^ J and m'/ = otherwise. 

Proof, (i) and (ii) follow directly from the definition of /i in Definition [3l Moreover, from 
this definition, it follows, if / U J = {0, . . . , n} and denoting by T a finite set of subsets 
I C {0, . . . ,n}, that 

J) = ^(_i)™^{sets T of cardinality m such that I = Uk^tK and J = U^eT^''}- 

m 

If we sum over all possible I and J such that / U J = {0, . . . , n}, we get (iii). □ 

Consider now Ni^^j-j{B) for a couple (e, /) for which iJ,{e, f) / and gcd(ej/j, i = 
0, ...,n) = e, i.e. a subset with nontrivial contribution to ^M{B) (recall (|24|) ). Since 
*^{ej){B) = #M^^oiB) (where e^f = (eg/S, . . . , e^/S)), we know by Theorem O that 

#^{eJ){B) = (:7e2j3,o-5(""^^/^ + 0(5("-i)/2-^). Since e divides eji, we can write efff = v^e^ 
for some Vi G N for each i G {0, . . . ,n}. Making the substitution x'^ = Xi/e-i and y[ = yi/ fi, 
we see that N(^^j^[B) corresponds to the set 

{{iL^y') £ Zq""*"^ : ''^^^Vix'^y'^ = 0, max ^ — and y[ squarefree > 

i=0 ) 

where we eliminated e^ in the equation and hence, ^N(^^j-^{B) = ^M^^q (i?/e^). Letting B 
go to infinity, this implies that the main terms in the asymptotic formulas of ^N(,j{B) and 
^Myfi (S/e^) are equal, and in particular, that 

'^(„_l)/2-5\ 



gn-1-25 



(25) *N^ej){B) - C7^,o • B^^-^'^/^ = O 
Notice we also obtain (recall Remark 14. 2 p that 

5(«-l)/2 C 

(26) mejm^C.—;^ and C^^^ ^ 
From these results, we can now prove 

Lemma 4.5. The series 

oo 

B = Y1 Yl /^(e>/) • C'e2/3,o 

e=l {e,/)GN2"+2 

gcd(ei/i, i=0,...,n)=e 

converges. 

Proof. Substituting (|26|) into the definition of D and using the properties of fi in Lemma |4.4[ 
we get 

1^1 «i; E 



=1 {e,/)GN2"+2 
gcd(ei/i, i=0,...,n)=e 



gn-1 
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< TT V V |/ipK(e),^p(/))| 

p k=0 (i;p(e),«p(/))eN2"+2 ^ 
mini {f p (ei )+t)p {fi)}=k 

which converges since n ^ 4. □ 
Proof of Theorem \4-^ From the definition of D and (|25|) , it follows that 

#M{B)-D.B(--^y^\«Y^ E H^^L)\ - ,(.-1)-., • 

e=l (e,/)GN2"+2 

gcd(ei/i, j=0,...,n)=e 

Following the same reasoning as in Lemma 14.51 we then get that 

/ 22"+' \ 

#Af (B) - D ■ b("~i)/2 < ^(n-i)/2-5 . + , 

where the product converges for 5 > small enough since n ^ 4. This proves the theorem. □ 

5. Rational points on the orbifold (P"^^,A) 
5.1. The main theorem. We can now prove our main theorem. 
Theorem 5.1. For n ^ 4, there exists a 5 > such that 

#(P"-\ A)(Q)^B = C • B("-1)/2 + O (^5("-l)/2-5' 

Here, 

2"+!^ ^ /^V&JJ 2^ 1-rn ('p2/>3| 3|^l/2' 

<^=1 (e,/)GN2"+2 3/gZ^+V{±l} ^^«=0^ ''^ 

gcd{ei/i, j=0,...,n)=e squarefree 

with 6y^a,t, 3^ and the function ^ as defined before. (By y E ZQ'''"'^/{ibl}, we denote the 
n + l-tuples {yo, . . . , y„) S Zq"*"^, defined up to sign as n + 1-tuple.) 

Proof. The connection between (P"^"'^, A)(Q)^g and the set M{B) given by ([T|) in the intro- 
duction, together with Theorem 14.31 implies that the theorem holds for 7^(P"~'^, A)(Q)^^. 
It remains to prove that, for n ^ 4, the set of points (oq : . . . : «„) G (P"^^, A)(Q)^b with 
at least one zero coordinate (whose cardinality is <C #(P"~^, A)(Q)^b)5 is asymptotically 
negligible compared to (P**"^, A)(Q)^^. 

We will verify this for n = 4; by induction, the statement follows for n > 4. 

As mentioned in Remark 13.111 it follows from Lemma l3 . 1 1 that 

#(p2,A)(Q)+^«i3^+^ 
Combining this with the trivial upper bound #(P^, A)(Q)^b <^ B, we obtain 

#(p2,A)(Q)^B«i3'+"<i?'/' 
for e > sufficiently small. □ 
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5.2. Description of the constant. An alternative description of (P*^"^, A)(Q)^^ can be 
obtained as follows. Consider y G ZQ''"^/{ibl} with each yi squarefree. For such y, let Qy 
denote the smooth quadric defined by the homogeneous polynomial Fy{X) = y^X"^ + . . . + 
y^Xn S Z[Xo, . . . ,Xn]- Furthermore, define the morphism 



(27) 



71",, 



Qy_ 

{xq: Xn) 



H 



(^Q^Q : . . . : yj^x^). 



We will consider points (xq : ... : x„) G Qi/(Q) with Xi G Z, such that HILo ^« ^ ^^'^ 
gcd(xoyo5 • • • ,Xnyn) = 1- We denote this subset of Qy(Q) by Qy{Q)~^- This set is mapped 
into (P"~^, A)(Q)+ by iTy and, keeping in mind ([1]), we have 



(28) 

This implies 

#(P"-\A)(Q) 



(P"-\A)(Q)- 



n ^yiQyiQY 

yGZ^+V{±l} 
yi squarefree 



<B 



2n+l 



# I (xo : . . . : x„) G QyiQY 



yez^+V{±i} 

yi squarefree 



max \xfyf\ ^ B 



For a fixed y, an asymptotic expression for each of the latter sets is known using the clas- 
sical circle method (see [DavOSl Chapter 8]) and a Mobius inversion for the gcd condition 

gcd(xoyo, ■ ■ ■ ,Xnyn) =1- 

Moreover, from Lemma \4:.5\ it follows that we can change the order of summation for e 
and y in the constant C from Theorem 15.11 and thus, defining 



(29) 



we have, for n ^ 4, 



e=l (e,/)GN2"+2 

gcd(ei/i, i=0,...,?i)=e 
fi\yi 



/^(e, /) 



2" ®j/,e2,0-3e 



- nr=o(edy.p/^)' 



#(P-\A)(Q)^B 




. 5{«~l)/2 



as B goes to infinity. 

This constant Cqy can be given a more geometrical interpretation using the adelic space 
Qy (Aq) of the quadric Qy, as explained in |Pey95 §5]. Here, it has been shown that the refined 
version of the Manin conjecture is compatible with the circle method for smooth quadrics in 
Pq and moreover, that rational points on smooth quadrics are equidistributed. Considering 
the Tamagawa measure uJUy (corresponding to the height function Hy defined as Hy{P) = 
maxo^i^n \x'jy^\ where P = (xq : . . . : x„) G Qy(Q)) on Qj,(Aq), the equidistribution of the 
rational points on Qy implies that for every good open subset W (i.e. an open subset W for 
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which UHyidW) = 0, where dW = W\W) of ^^(Aq), it holds that 
#{PeQy_{Q)+nW\Hy_{P)^B] UH,iW) 

# |P G Qy{Q)+ I Hy{P) ^ 5} ^%(Q£(^q)) 

as B goes to infinity. We refer to |Pey95| for more details on this matter. This implies we 
can obtain a description of the constant Cq^ in terms of the measure ^Hy of a certain subset 
of the adelic space Qy (Aq) of the quadric Qy. More precisely, it follows that 

CQ,=^//,(g,(AQ)t)/(n-l), 

where Qy (Aq)^ denotes the good open subset of Qy{AQ), defined by the gcd condition 
gcd{xoyo, . . . , XnUn) = 1 we imposed on Qy{Q). (Note that imposing the open condition 
nr=o 7^ does not change the measure.) We obtain the following corollary. 

Corollary 5.2. For n ^ 4, we have 

(30) #(P"-\ A)(Q)^s ~ ( ^ E ^Qy) ■ 

yi squarefree 

as B goes to infinity, where Cq^ = u HyiQyiAQ)"^) / {n — 1). 

5.3. The adelic space of the orbifold (P"~^, A). In order to define the adelic space of the 
orbifold properly, we first have to explain how we can translate the definition of 'squarefulness' 
to the different completions of Q. 

At each finite place v = p, a p-adic integer a G Zp is squareful if Vp{a) 7^ 1. Due to the 
structure of , this means that we can write a squareful p-adic integer a uniquely as x'^y^, 
with X £ Zp and y G Ti squarefree. 

On the other hand, any real number a E R can we written as (ibl)'^x^ and ought to be 
considered as squareful. 

Since we identified (P"^""^, A)(Q) with {(no : . . . : Un) G H{Q) \ Ui is squareful for each i} 
(recall H C P*^ is the hyperplane defined by Xq + • • • +X„ = 0), we have, for each v G Val(Q), 
that 

: Ui is squareful for each i} 
= {{xl^y'i : xl^^y'i) G H{Q^) : y G Z^+V{±1}, Vi squarefree}. 
This implies, recalling the definition of TTy in ()27p . 

(31) (P"-i,A)(Q,)= U %WQ-)^)> 

yez^+V{±i} 

yi squarefree 

where for a finite place v = p, Qy{Qp)^ is the open subset of Qy{Qp) defined by the condition 
mino^i^„(fp(xi,pyj)) = and where Qy(R)^ = QyiK). 

Note that the considered union is not disjoint, but that the image for different y and y' 
either coincides or is disjoint. Hence, it follows that, at each place v S Val(Q), (P""^, A)(Q„) 
can be described as a finite disjoint union of sets TTyiQyiQ^)^) for specified y G Z[J+V{±1}- 
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Definition 4. We define tlie adelic space (P""-*^, A)(Aq) as 

(P"-i,A)(Aq)= H (P«-\A)(Q,). 

i>eVal(Q) 

Remark 5.3. One may prove tliat (P"-i, A)(Q) is dense in (P"-i, A)(Aq). Tliis follows from 
the fact that weak approximation holds for smooth quadrics. 

5.4. Distribution of rational points on (P"^^, A). We can now consider the probability 

measure 

-#(P-i,A)(Q)<B ^ '^^ 

H{P)i:B 

on (P"'~ , A)(Aq). Here, we will investigate the convergence of /J-jj^^ ' to a specific measure 
on the adelic space of the orbifold which we have yet to define, when B goes to infinity. 
Keeping in mind the description of (P"^"*^, A)(Aq) we gave above, we can define this measure 
in the following natural way. 

Definition 5. We define the measure '^(pn-i,A) on (P"~^, A)(Aq) as 

(33) ^(P-i,A)(f^) = Yl ^Hy_{7ryHU)), 

y&Z^+'/{±l} 
yi squarefree 

where U is an open subset of (P"""^, A)(Aq) (which is equipped with the subspace topology 
coming from H{Aq)) and TTy : (^^(Aq)^ — ;> (P""-*^, A)(Aq). (Note that the morphisms Vy, 
introduced in ([271) . define continuous maps 

TTy : Qy(AQ) H{Aq) 

which map Qy{AQ)^ into (P"-\ A)(Aq).) 

Remark 5.4. From this definition of the measure ^(pn-i^/^-j, it follows that its support consists 
of the (disjoint) union of 

(34) %(Qy(AQ)t) 

for all y G ZQ"*"^/{ibl} with yi squarefree for each i G {0, . . . ,n}. This is a proper subset of 
(P"-i,A)(Aq). 

/pn-l ^\ 

In order to say something about the convergence of f^jj^^^ ' , we first define elementary 
open subsets of (P"-\ A)(Aq). 

An elementary open subset W of H{Aq) can be defined as 

w= H W,, 

i'GVal(Q) 

such that C H{Qy) is defined at finitely many finite places as Wp = red^/(Xp), where 
Xp C F(Z//^Z) is a subset of H{Z/p^^Z) and redjv/ : ^(Qp) ^ H{Z/p^^Z); Wp = H{Qp) 
for any other finite place. Furthermore, at the infinite place v = oo, we require Woo = 
OijiKjXi < Xj) C H(R) fixing one of the coordinates Xi to one. Here, Ajj G R>Oi depending 
on i and j. 
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To construct elementary open subsets on (P'"-^ A)(Aq), we can take the intersection with 
elementary open subsets of H{Aq). 

We will now prove the following theorem. 

Theorem 5.5. For every elementary open subset U o/(P""\ A)(Aq) it holds that 



^{P"-i,a)((P"-^A)(Aq)) 
as B goes to infinity. 

Proof. Straightforward calculations show that for each admitted y, the inverse image 7ry^{U) 
of an elementary open subset U of (P"~^, A)(Aq) defines a good open subset of Qy(AQ)^ . 

Now let U be an elementary open subset of (P""\A)(Aq). Recalling 1^, the partition 
of (P"-\ A)(Q)+ in ([28]) and TheoremEU we get 

(P"-i,A),^.s _ # {{up : . . . : u„) £ (P"~\ A)(Q) Pi U : maxQ^^ign \ui\ ^ B} 
^'^^B ^ - #(P-i,A)(Q)^B 

{(xo : . . . : x„) G g^(Q)+ n TTy^U) : maxo^.^„ \yfxj\ ^ b] 



(Here, we used the abbreviated notation to sum over all admitted y G Zq"*"^.) 

Combining the fact that rational points on smooth quadrics are equidistributed, the defi- 
nition of the measure in (|33p and Theorem 15.11 enables us to complete the proof. □ 
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